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It was pointed out by Davidson that the Redfield-Read Superposition Theorem provides a sim- 
ple method for counting both isomers and isomerizations. More recently material has emerged 
from the Redfield nachlass which can be used to illuminate the connexion between Davidson’s 
work and the double-coset methods used in the chemical literature. 
1. Introduction 
The outstanding contributions to enumeration made by J. Howard Redfield were 
not recognized until long after his death in 1944. For about thirty years, his 1927 
paper [Rl] (see Appendix) was almost entirely ignored and then for another twenty 
years it was believed to be Redfield’s only contribution to mathematics. But in 1976 
the present author made contact with the Redfield family and in the following year 
he was informed by Redfield’s daughter, Mrs. Priscilla Redfield Roe, that a second 
paper had been submitted for publication but rejected. Fortunately the typescript 
of the paper survived and subsequently it was both found and published [R2]. Two 
further typescripts [R3, R4] have also been discovered but not yet published. Brief 
details of all four papers are given in the Appendix. 
For further details of the rediscovery of Redfield’s work the reader should see 
Harary and Robinson [12] in the special issue of the Journal of Graph Theory devo- 
ted to Redfield. The content of [Rl] and its relation to later work has been discussed 
by a number of writers, for example by Foulkes [5,6], Harary and Palmer [9, lo] 
and Read [29]; similar discussions for [R2] may be found in Sheehan [32] and in 
Hall, Palmer and Robinson [7]. For biographical details of Redfield, see Lloyd [21]. 
In 1981 Davidson [3] pointed out that ideas in [RI] may be used ‘to incorporate, 
supersede, and simplify many of the last decade’s developments in molecular 
combinatorics’. A second paper by Davidson [4] does not seem to have been 
published, but in a recent paper, Hasselbarth [15] studies the connexion between 
double cosets and Redfield’s group reduced distributions. The newly available 
Redfield material is also relevant in studying the relationship between Davidson’s 
methods for counting both isomers and isomerizations and the double coset 
methods employed by earlier writers. 
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Fig. 1. The two constitutional isomers of CdH10. 
2. Isomers and isomerizations 
There are many examples of chemically distinguishable compounds which share 
the same chemical formula; such compounds are termed isomers. The two possible 
isomers of C4Hlo are illustrated in Fig. 1. In this example the chemical graphs (con- 
stitutional formulae) are evidently non-isomorphic since only one has a carbon atom 
adjacent to three other carbon atoms. Isomers of this type are called constitutional 
isomers. Stereoisomers are distinguishable because the three-dimensional arrange- 
ment of their constituents differ. 
Considered as graphs molecules III and IV in Fig. 2 are isomorphic, but they dif- 
fer as stereoisomers: in the trans form the chlorine atoms lie on opposite sides of 
the cobalt atom; in the cis form the CoCl bonds are at right angles. 
Although a molecule is composed of a set of atoms (or, more usually, a multiset, 
since not all atoms need differ from one another) it is often convenient to think of 
certain of the atoms as being grouped together into units which are indivisible dur- 
ing a particular chemical investigation. In various areas of chemistry the units are 
called ligands. 
NH3 NH3 
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/I’ 
,’ 
/’ /I’ 
H3N CO" Cl Cl Cc/ Cl 
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Fig. 2. The two stereoisomers of [CO(NH~)~C~~]+. (Dashed lines indicate bonds leading to ligands 
behind the plane of the paper and wedged ones to lines in front.) 
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Fig. 3. An isomerization of a trigonal bipyramidal molecule. 
Under appropriate conditions one isomer may transform into another - the pro- 
cess is an isomerization. The chemical mechanisms by which isomerizations take 
place will not be considered here, but the end result of many isomerizations is 
equivalent to that which would be obtained by simply permuting the positions of 
the ligands in the molecule. Such isomerizations are often termed permutational 
isomerizations. Thus for present purposes a molecule will be regarded as consisting 
of a skeleton on which there are various sites, with one ligand occupying each site. 
The decomposition of a complicated molecule into a skeleton and ligands need not 
be unique, but will depend upon the particular chemical experiment under con- 
sideration. A typical decomposition of the isomers in Fig. 2 would be to regard each 
as having a ligand multiset of size six, consisting of two identical Cl ligands and four 
identical NH3 ligands. 
Each molecule in Fig. 3 has a central metal atom M surrounded by five ligands 
L, to L, occupying sites Sr to S, which are positioned like the vertices of a regular 
trigonal bipyramid. (The stereoisomer models in this paper ignore the vibrations 
within the molecules and assume some sort of time averaged geometry.) The isomers 
may be denoted by two-line arrays 
i 
Sl s2 s3 s4 & 
L, L2 L3 L4 Ls 1 i Sl s2 s3 s4 s5 L, L3 L4 L2 L5 I 
Isomer V Isomer VI 
where col(Si, Lj) indicates that site Si is occupied by ligand Lj. The isomerization in 
Fig. 3 may be denoted by a three-line array 
Sl s2 s3 s4 s5 
I I 
L, L2 L3 L4 L, 
s, s4 s2 s3 s5 
where col(S,, Lj, Sk) indicates that ligand Lj is in site Si before the isomerization and 
in site S, after. 
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Similarly an isomer of an n-ligand molecule can be represented by a 2 x n array 
with site labels in the first row and ligand labels in the second and each such array 
corresponds to an isomer of the molecule. The correspondence between arrays and 
isomers is not one-one, however, for three reasons: 
(i) a reordering of the columns does not change the isomer; 
(ii) the set of sites could have a non-trivial symmetry group associated with it; 
(iii) in general the ligands form a multiset rather than a set, in which case there 
is a non-trival ligand symmetry group. 
As far as the group under (ii) is concerned, when Klemperer [18] talks of an ex- 
periment in a chiral environment, then he uses the rotation group of the molecule, 
and when he speaks of a totally symmetric environment he uses the full symmetry 
group, including reflexions. But for certain investigations, particularly those involv- 
ing a non-rigid molecule, some other group associated with the molecule might be 
appropiate. If the multiset of ligands consists of rl ligands of one type, r2 of a se- 
cond type, . . . . then in many cases the ligand symmetry group will be the direct pro- 
duct Symr,xSymr,x.--, where Sym n denotes the symmetric group of all 
permutations of n elements (usually denoted in the mathematical literature by S,). 
However, depending upon the symmetry or lack of it in the ligands themselves, it 
might be possible to attach a ligand to a site in more than one distinguishable way, 
in which case the ligand group could well be some form of wreath product. 
3. Redfield enumeration 
Counting arrays with groups acting on them in the way described in Section 2 is 
precisely what Redfield did in [Rl]. He considered q x n arrays, calling the set of 
elements in each row a range and the array itself a range correspondence. He regard- 
ed two range correspondences as identical if one could be obtained from the other 
by a permutation of their columns, but it is more in keeping with present day ideas 
to call them equivalent and to reserve the term range correspondence for an 
equivalence class of arrays. With the ith range, Redfield associated a group G,, the 
elements of which permute the elements of that range. The group G = G1 x ... x G4 
then acts in a natural way on the set of all arrays. Equivalence classes obtained by 
the double action of Sym n permuting intact columns and G permuting elements 
within rows, Redfield called group reduced distributions. 
Although the various groups act on various sets, each may be thought of as acting 
on the set of column labels of the arrays and in this sense each G, is a subgroup of 
Symn. Furthermore, starting from a particular reference array, any other array 
(whether equivalent or inequivalent) may be obtained from it by applying some ele- 
ment of Symn to the first row, some element to the second row, etc. Thus there 
is a one-one correspondence between the arrays and the elements of the direct pro- 
duct (Sym n)q = Sym n x ... x Sym n (q factors). The group G = G1 x .a. x Gq is then 
a subgroup of (Symn)“. In [R2] Redfield adopts this type of viewpoint but also 
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states everything more abstractly, taking the ranges as any equisize sets. He also 
takes a general permutation group F of degree n rather than Symn as the 
supergroup. Of course, one can still think of the union of the ranges as forming an 
array, but in some of the examples in [R3] the ranges themselves are arrays. 
The structure set up by Redfield in [R2] will now be described using a mixture 
of his terminology and that presently used in the theory of permutation groups. The 
description is influenced by the material in Hall, Palmer and Robinson [7]. 
There is a frame group F of degree n and range groups G,, GZ, . . . , Gq each of 
which is a subgroup of F. The element f E F acts on the element (fi, . . . , fq) E Fq by 
cfi,fi, .--v fq) t-J+ (h.Lh_L . ..vfqf) (3.1) 
and the element (g,,gz,...,gq)EG=GIxG2x...xG4 by 
(fi,f& . . . ,fq) I (g’3gz3-.4 ’ (glfi,&h, . . . 9gqfq). (3.2) 
Orbits (equivalence classes) of Fq under the action of Fare range correspondences 
and orbits under the double action of F and G on Fq are group reduced distri- 
butions. 
If the Davidson formulation [3] for permutational isomerizations of n-ligand 
molecules is expressed in these terms, then the frame group is Sym n and there are 
three range groups: Gi = G3 is the appropriate skeletal sites symmetry group, and 
G, is the ligand symmetry group. (NJ. Unaware of the existence of [R2], David- 
son uses the term frame group to refer to the group of skeletal sites - in the present 
paper it is always used in Redfield’s sense.) A group reduced distribution in this case 
corresponds to what Klemperer [ 181 calls a differentiable permutational isomeriza- 
tion reaction which, for brevity, will be termed in this paper an isomerization type. 
Other terms are also used in the chemical literature for this and similar concepts - 
a table of comparative terminology is included in Klein and Cowley [16]. Their 
paper could serve as a starting point for the reader wishing to pursue the chemical 
significance of the ideas discussed here. One of the referees of the present paper has 
also drawn the author’s attention to a recent book by Brocas, Gielen and Willem [ 11. 
If Davidson’s ideas are applied to isomers rather than isomerizations, then there 
are just two range groups G, and G?. 
Since double cosets have featured extensively in chemical enumeration it is worth 
pointing out that the above structure may be construed in terms of double cosets. 
This is done by identifying f E F with (f, J . . . , f) E Fq. The set of all elements of 
type (f, f, . . . , f) forms the diagonal subgroup Diag, F of Fq. Using Diag, F rather 
than F for one of the actions on Fq, there is a one-one correspondence between 
group reduced distributions and double cosets in the decomposition G 1 Fql Diag, F. 
However, the author feels that double cosets have perhaps been overemphasised in 
chemical enumeration and that the consideration of other types of group actions 
may well prove fruitful. 
294 
4. Counting orbits 
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If the elements of a finite group G act as permutations of the elements of a finite 
set D, then the number of orbits under the action is given by 
where Fixg is the subset of elements in D which are fixed by the action of G, and 
1x1 denotes the number of elements in X. This result lies at the heart of many 
enumeration results and is often, but quite erroneously, known as Burnside’s lemma 
(see Neumann [25] who calls it the Cauchy-Frobenius lemma and Wright [34]). 
In [Rl] Redfield introduced a polynomial in indeterminates s,, s2, . . . , s, (where 
n = IDI, is the degree of G), which he called the group reduction function. It was 
also introduced by Polya [27] who called it the cycle index. It is defined as 
j& c Sl s2 
j,(g) .idg) . . . sjk) 
(4.1) 
gco 
where j,(g) is the number of cycles of length i induced in D by g. 
Example. The rotation group B of the trigonal bipyramid acting on its vertices is 
of degree five and order six and consists of (see Fig. 3): the identity, which fixes all 
five vertices; two rotations about the vertical axis, each of which fixes sites Sr and 
S4 and rotates the other sites in a cycle of length three; three rotations about an 
axis such as MS2 which fixes one site and interchanges the four others in two pairs. 
Hence the group reduction function Grf B is 
Grf B = (ST + 2s:~~ + 3si&6. (4.2) 
In [Rl] Redfield regards each element Si as a power sum symmetric function, but 
in [R3] he regards the product of the elements Si in (4.1) as ‘a mere symbol’. He 
also introduced a number of algebraic operations on group reduction functions, 
adopting rather unusual symbols for them, such as Sa , Ps , 6, 1. Later writers (in- 
cluding Davidson) have usually rendered the first two as n and U, but since the first 
operation does not arise from a binary operation it seems preferable to adopt Read’s 
notation [29]. He uses * for Redfield’s second operation which, for two identical 
monomials, is defined by 
.A .i2 s{‘$ . . . *sl s2 ... = ljlj,! 2j2j2! . . . s{ls$ . . . . 
For two non-identical monomials the composition is zero, and the definition is ex- 
tended to general polynomials by linearity. It is easy to see that * is an associative 
and commutative binary operation and that if q identical monomials s(1se .a* are 
composed together then the result is 
(ljljl! @j,! . ..)4-‘~[ls$ . .._ 
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It is well-known (see [Rl], Polya [27], de Bruijn [2], etc.) that 
where the sum is over all partitions of n into j, parts of size 1, j, parts of size 2, 
etc. Hence Grf Sym n is an identity for * in the sense that 
GrfSymn*GrfG=GrfG 
for any group G of degree II. 
(4.3) 
The full symmetry group P of a regular pentagon (considered purely as a two- 
dimensional figure and not as a subset of three-dimensional space) has order ten 
with 
GrfP=(s~+4s5+5s,s$/10. 
Hence, recalling (4.2), 
Read uses the notation N(p) to denote the sum of the coefficients in the polyno- 
mial p. Thus N(Grf B*Grf P) = 4. Redfield’s notation for this was Grf B 66 Grf P, 
but CA is not an associative binary operation. 
The first theorem in [Rl], discovered independently by Read [28], is now called 
the Redfield-Read Superposition Theorem. 
Redfield-Read Superposition Theorem. The number of orbits (group reduced 
distributions) arising from the double action of Sym n and G1 x G2 x ... x G, on 
(Symn)q (see (3.1) and (3.2)) is equal to 
N(Grf G1 * Grf G2 * ... * Grf Gq). 
Redfield illustrated the theorem with the following example. 
Example. Determine the number of ways of placing a solid node at each of four ver- 
tices of a cube, and a hollow node at each of the other vertices. In the present con- 
text the two types of nodes could well be regarded as two types of ligands and the 
arrangements as isomers (irrespective of whether isomers of such a form actually 
exist). 
The group reduction function for the rotation group 0 acting on the vertices of 
the cube is 
Grf 0 = (ST + 8s:~: + 9s: + 6$)/24. 
The ligand symmetry group is (Sym 4)2 with 
Grf(Sym 4)2 = (ST + 6$~2 + 8~1~3 + 3~; + 6~,)~/24~ 
= (s; + 64~:s: + 9s; + 36s; + --)/242. 
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Hence, the number of isomers is 
N(Grf 0 * (Grf Sym 4)‘) 
After noting that the configurations themselves cannot be determined by his 
methods, Redfield then remarks: ‘In connection with the present example we may 
note without proof certain other results obtainable’. He then proceeds to use, in 
various forms, Polya’s enumeration theorem, notwithstanding the fact that he 
himself has not even stated it and Pdlya was not to do so until nearly a decade later. 
The Redfield-Polya enumeration theorem, as it is sometimes called, will not be 
discussed here since it is already well-known in both the chemical and mathematical 
literature (see, for example, McDaniel [24], Harary, Palmer, Robinson and Read 
[l I], Read [30], Trinajstic [33, Chapter 51, de Bruijn [2] and Hasselbarth [13,14]). 
The Superposition Theorem may be used to count isomerization types with skele- 
tal site group 8and ligand group L!?. The number is simply N(Grf B* Grf LZQ Grf 9). 
Example. For isomer V (see Fig. 3) with the rotation group B and five identical 
ligands, the ligand symmetry group is Sym 5. Hence the number of isomerization 
types is (recalling (4.2) and (4.3)) 
N(Grf B * Grf Sym 5 *B) 
= N(Grf B * Grf B) 
=N(15.5!s:+22.12.2!.31.1!s:s3+32.11.1!.22.2!s,s~)/36 
=(120+24+72)/36=6. (4.4) 
Since there is only one isomer in this case the reader may be surprised that there 
are six isomerization types. The explanation is that the enumeration is taking into 
account not only the initial and final isomers but also the ligand permutation and 
the fact that there are two different types of sites. The six isomerization types are 
illustrated in Fig. 4. 
Klemperer [ 181 quotes the number of isomerization types as five, but that is 
because he ignores the identity isomerization - the one where all ligands remain in 
their original positions. 
If all ligands are different, then the ligand group is an identity group of degree 
5, with group reduction function sl. 5 Hence, in this case the number of isomeriza- 
tion types is 
N(GrfB*sT*GrfB) 
=N(~(s:+...)*s:*~(s:+...)) 
= (5!)2/36 = 400. 
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Fig. 4. The six isomerization types of a trigonal bipyramidal molecule with six identical ligands in a chiral 
environment. The arrows indicate the movements of the ligands to their new positions. 
If two ligands are of one type and three of a second, then the ligand group is 
Sym 2 x Sym 3, with group reduction function 
+(s: + s2) +(s: + 3s, s, + 2ss) 
=~(s~+2s~s,+3s,s~+4s~s,+2s~s~). (4.5) 
Now Grf B*Grf B appears inside the bracket in (4.4) and composing it with (4.5) 
gives the number of isomerization types in this case as 
N(Grf B * Grf (Sym 2 x Sym 3) * Grf B) 
=(1205!+24.2.2!.3+72.3.22.2!)/36.12=38, 
in agreement with Nourse [26]. 
5. Nourse’s isomerization model 
It may have occurred to the reader that the three-line notation for isomerizations 
could be abbreviated. Having decided on a numbering for the sites, one could make 
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the assumption that the first row was always to be written in the order S,, SZ, . . . , S, 
and then it would suffice to write down just the second and third rows. In effect 
Nourse [26] does just that at the outset. In the group theory terms outlined in Sec- 
tion 3, this corresponds to replacing the original element (fi,f2,f3) ~(Symn)~ by 
(1,f,f;‘,f3f~‘) which Redfield calls the principal symbol of the correspondence. 
Both elements are in the same range correspondence since f;’ E Sym n. Thus one 
need only consider elements of the form (1, f, f’). Now (gi, g,, g3) E 9 x LZ? x B maps 
(1,J;f’) to (gi,gzf,g3f’) and this is in the same range correspondence as 
(1,g2fg;‘,g3f’g;‘). Up to isomorphism the initial identity factor is irrelevant, so 
here the group Sym IZ x Sym n is being acted upon by the elements of LZ? x B on the 
left and by elements of the diagonal group Diag, 9 on the right. (The appearance 
of g;’ rather than g, is unimportant since it yields the same set of orbits.) Thus the 
group reduced distributions, i.e., the isomerization types, appear as double cosets 
in the decomposition LE’ x 9 1 Sym n x Sym n 1 Diag, 9. This, with minor notational 
differences, is the form in which Nourse [26] counted isomerization types. 
The ideas from [R2] discussed earlier may be used to reformulate Nourse’s ac- 
count of isomerizations in terms of range groups and frame groups. The ranges are 
of size 2n, consisting of n ligands and n sites, with F= Sym n x Sym n as frame 
group. There are two range groups: L?X 8 and Diagz 9, and to fit precisely into 
Redfield’s formulation the double coset decomposition must be considered as 
(2 x 9) x Diag, 9 IF’IF. There is a one-one correspondence between the orbits 
here and those in .JZX ~7 IF 1 Diag, P, the orbit containing (ol, rs2, 03, a4) E F2 = 
(Sym n)4 corresponding to the one containing (crl o;‘, 0~04~) E F. Thus the problem 
of counting isomerization types gives a good illustration of a statement made by 
Redfield in [R3]: ‘it is in general possible to state a given concrete problem in terms 
of frame group and range groups in more than one way; even the number of range 
groups necessary may be varied’. 
In the new formulation the frame group is no longer a symmetric group, so the 
original Superposition Theorem cannot be used, but there is a variation of it discus- 
sed in Section 7 below which covers the case when the frame group is a direct pro- 
duct of symmetric groups. As an alternative to that, it is possible to use the 
following theorem from [R2]. 
Theorem. The number of group reduced distributions determined by the frame 
group F and range groups G1, G2, . . . , G, is equal to 
where Cl, C,, . . . , C, are the distinct conjugacy classes of F. 
In the special case of just two range groups the theorem reduces to a well-known 
formula for counting double cosets, as used by Ruth, Hasselbarth and Richter [3 11, 
Klemperer [18,19] and Nourse [26]. 
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Fig. 5. An isomerization of a trigonal bipyramidal molecule into a square-based pyramidal molecule. 
6. Isomerizations with change of geometry 
The Davidson formulation for isomerizations using Sym n as frame group with 
three range groups is conceptually much simpler than the formulation with 
Sym n x Sym n as frame group and two range groups, but there is another major 
advantage: isomerizations in which the site geometry changes are, as Davidson 
realised, just as easy to handle. Such isomerizations had already been studied in the 
chemical literature under the name polytopal isomerizations (see, for example, 
Klemperer [20] who discusses them in terms of double cosets). As an example, 
isomer V might change into one where the sites are positioned like the vertices of 
a square-based pyramid (see Fig. 5). To count the number of isomerization types of 
this kind one simply replaces the third range group by the symmetry group of the 
square-based pyramid. The rotation group R of the pyramid acting on its vertices 
has group reduction function 
Grf R = (s: + 2sl sq + s1 s$/4. 
Hence, with five identical ligands, the number of isomerization types is 
N(Grf B * Grf Sym 5 * Grf R) 
= A’(+(.$ + 2s:~~ + 3.~~ s:) * Grf Sym 5 * +(s: + 2slsq + s1 s$) 
=(5!+3.2*.2!)/24=6. 
Taking full symmetry groups instead of just rotation groups, the corresponding 
number is 
N(# + 4s:~~ + 2s:~~ + 3s, s: + 2s2sJ) * Grf Sym 5 
*$(s:+2s,sq+2s:s*+3s1s:)) 
The sites S1 and S, in isomer V may be called axial, the others equatorial and site 
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Ti in isomer VII apical and the remaining sites basal. The three isomerization types 
may then be described as follows: 
(i) one axial ligand becomes the apical ligand; 
(ii) one equatorial ligand becomes the apical ligand and two axial ligands become 
adjacent basal ligands; 
(iii) one equatorial ligand becomes the apical ligand and two axial ligands become 
opposite basal ligands. 
The six isomerization types obtained previously correspond to the fact that certain 
cyclic arrangements around the base of the pyramid cannot be interconverted by 
rotations alone. 
The method is easily extended to counting sequences of isomerizations: for each 
additional step in the sequence, an extra range and appropriate range group are 
added. 
7. Direct product frame groups 
A special case considered by Redfield in [R3] is that in which the frame group is 
a direct product of symmetric groups (not necessarily all of the same degree). In that 
case each range splits into disjoint subranges which are separately permuted by the 
various group elements, and Redfield introduced a variant of the group reduction 
function in which there is a separate set of indeterminates for each factor in the 
frame group. The idea of using such group reduction functions had already been 
employed by Polya in his lengthy work [27] but it seems certain that Redfield was 
unaware of that paper. As he was fluent in german, Redfield would have had no 
difficulty in understanding Polya’s work. 
The method will be illustrated by using the two range groups formulation of the 
isomerizations of isomer V (Fig. 3) in a chiral environment with two ligands of one 
type and three of another. In other words the example at the end of Section 4 will 
be reworked. 
The frame group now is Sym 5 x Sym 5 and the range groups are 9 x8= 
(Sym 2 x Sym 3) x B and Diag, 8= Diag, B. The letters si will be used for those fac- 
tors in the group reduction function which correspond to sites and the letters lj for 
those which correspond to ligands. Then from (4.2) and the definition of the 
diagonal group 
Grf Diag, B = (1:s: + 21:1ss:s, + 311 Iis, s$/6. 
Using (4.5) and (4.2), 
Grf(Sym 2 x Sym 3 x B) 
=~(1:+21:1,+31,1:+41;1,+21,1,)~(s:+2s~s,+ 3s,s$ 
=~(l:s;+4121 , 3S:S3+91,1tS,St+...). 
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The Superposition Theorem stands as previously stated, subject to an explanation 
of the rule for applying the operation * to the new group reduction functions. As 
before the result is zero except between identical monomials for which 
S~'S~...f~lt~... b b *qSp...tllt22... 
= la’s,! 2%2! . . . lQ,tI 2bq,+ ...syls~...@@... 
(with a similar rule if there are more than two sets of indeterminates). 
Applying this to the above example, 
Grf Diag, B * Grf(Sym 2 x Sym 3 x B) 
and 
N(Grf Diag,B*Grf(Sym2xSym 3x B))=38, 
in agreement with the earlier result. 
8. Restricted isomerizations 
In the preceding sections it was assumed that all possible permutations of the 
ligands amongst he sites would be permitted, but in many cases chemical considera- 
tions preclude certain possibilities. Klein and Cowley [17] considered several types 
of possible restrictions. Here one type (considered by Klemperer [20]) will be men- 
tioned which can be handled by simply restricting the frame group. 
Suppose that the set .Z of sites is partitioned into m subsets Zi and the set /1 
of ligands into m subsets /li, with IZil =1/1,1, i=l,2,...,m, and that for each i 
the ligands in set /l; are restricted to the sites in Zi, Then instead of taking 
Sym 1Zl as frame group (in the Davidson formulation) it seems natural to take 
Sym (Zt( x -.f x Sym IZ, j. This will be permissible provided that the skeletal sites 
group and the ligand group are subgroups of the new frame group, which seems 
likely to be the case in any real life problem. 
A 
B 
N M 
L 
@ 
D K 
Fig. 6. A trigonal dodecahedron. 
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Example. There are compounds which have eight ligands situated like the vertices 
of a trigonal dodecahedron (see Fig. 6). Suppose that there is one ligand of type W, 
three ligands of type X and two each of types Y and Z, and that ligands Wand X 
must occupy the tetravalent vertex positions and Y and Z the pentavalent vertex 
positions. Then the ligand group is 
L? = (Sym 1 x Sym 3) x (Sym 2 x Sym 2). 
Since the frame group is Sym 4 x Sym 4, two sets of indeterminates are needed: si 
will be used for ligands W and X and for the sites which they occupy and lj will be 
used for the other ligands and sites. So 
Grf P? = si # + 3si sz + 2~s) i(t: + t2) t(tf + f2) 
= &(s; + 3s& + 2sts&f; + 2t:t,+ t;>. 
The line through the midpoints of AB and CD of the dodecahedron is a rotation 
axis of order two; so is that through the midpoints of KM and LN and that through 
the midpoints of KN and LM. The group separately permutes tetravalent and pen- 
tavalent vertices, so the group reduction function for the rotation group is 
+(s; t; + 3s; t;,. 
The full symmetry group is easily obtained by combining the reflexion in the plane 
containing A, B, K, L with the rotations. Its group reduction function is 
+(s; t; + 3s: t; + 2s:s, t: t, + 2s, t‘$). 
Hence, in a chiral environment the number of isomers is 
N(#(sf t;’ + 3s: t$ * Grf 9) = N(4! 4! sf tf)/96 = 6. 
In a totally symmetric environment the number is 
N(#t~+3s:t~+2s~s2t:t2+2sqt4)*Grf&?) 
=N(4!4!s;t;+2-6.2!~2.2!-2s:s2t~t2)/192 
= N(242s;t;+ 192s;s2t;t2)/192=4, 
and the number of isomerization types is 
N($(242s:rf+ 192s&s2t;t2)*$(s;t;+2s:s2t:t2+--0)) 
= (242. 4! .4! + 192.2.2! .2.2! - 2)/1536 = 220. 
9. Summary 
Isomerizations may be interpreted in terms of Redfield’s frame group and range 
groups in at least two ways. The Davidson formulation, using three range groups, 
is conceptually much simpler than the two range groups formulation (equivalent to 
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the double coset methods of Ruth, Klemperer, Nourse and others), although the 
final calculations performed are very similar in both cases. An added advantage of 
the Davidson formulation is that the frame group is a symmetric group, so the 
Superposition Theorem, incorporating the use of group reduction functions (cycle 
indices) in a single set of variables, may be used. In the other formulation it is 
necessary either to count directly the sizes of various conjugacy classes or to work 
with group reduction functions in two sets of variables. The Davidson formulation 
can also handle isomerizations in which the geometry changes, and certain restric- 
tions on placing of the ligands may be treated by simply changing the frame group. 
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Appendix: J. Howard Redfield’s papers 
[Rl] The theory of group-reduced distributions, Amer. J. Math. 49 (1927) 433-455. 
Generally overlooked until Harary [8] drew attention to it in 1960. It contains the Superposition 
Theorem and also uses Polya’s enumeration theorem, some years before Polya stated it. 
[R2] Enumeration by frame group and range groups, J. Graph Theory 8 (1984) 205-223. 
The 25page typescript was found in 1981, accompanied by correspondence with the American 
Journal of Mathematics (who had rejected it). In the letter of submission, dated October 19, 1940, 
Redfield wrote: ‘The present paper, which deals primarily with theory, is planned to be followed 
by another of about equal length concerned with applications.’ 
[R3] Enumeration of distinguishable arrangements for general frame groups, [unpublished] (ca. 1940). 
A two-page typescript describing the frame group/range groups structure and repeating the main 
theorem in [R2], together with a 24-page typescript applying the theorem to several examples. The 
two parts are presumed to form a single work, which must be the paper referred to in the letter 
mentioned above. Includes, inter alia: rules for forming the group reduction functions of what are 
now called wreath products of groups; a proof of the conjecture made by MacMahon in his Rouse 
Ball Memorial Lecture [23]; a calculation which proves that there are omissions in some tables of 
MacMahon [22]. 
[R4] [Untitled], [unpublished] (ca. 1940). 
A 19-page typescript, in a less finalised form than [R3], containing further examples and also 
a couple of marginal notes hinting at others. Includes, in particular, an easier method for finding 
the group reduction function of the wreath product of symmetric groups. A new notation for the 
indeterminates in group reduction functions is used which is designed to break down the terms in 
certain cases so as to give information about the number of elements in conjugacy classes. 
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